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Abstract. Let Air^n be the (coarse) moduli space of smooth curves of genus 7 
with n > marked points defined over the complex field C. We denote by 7W7 „.4 
the locus of points inside A4j n representing curves carrying a g^. It is classically 
known that A^y ^.4 is irreducible of dimension 17 + n. We prove in this paper that 
Mj „.4 is rational for < n < 11. 



1. Introduction and notation 

Throughout this paper we will work over the field C of complex numbers and we 
will denote by J^g,n the (coarse) moduli space of smooth curves of genus g >2 with 
n > marked points defined over C 

It is well known that Mg,n is irreducible of dimension 3g — 3 + n. It thus makes 
sense to deal with its birational properties, such as its rationality, unirationality, 
Kodaira dimension k(A^p,„) and so on. 

For instance, the problem of the rationality of Aig^n has been object of intensive 
study in the last 30 years (and not only), giving rise to a very long series of papers 
both in the unpointed and in the pointed case. More precisely, it is known that 
M.g,n is rational if either 2 < g < 6 and n = (see respectively [23], [28], [37] and 
EH, [M]), or 1 < ^ < 6 and 1 < n < a{g) (see [1], dUj, [S]: in this last paper 
the numerical function a{g) is defined), while K^Aig^n) > when = 1,4,5,6 and 
n > T(fi') (see again [3] and [29]: for the definition of T{g) see [5]). 

When g > 7 the picture is much more comphcated. It is known that M.g,n is 
unirational for 7 < c/ < 14 and < n < a{g) (see [1], [3], [35], [TT], [39], [29] and 
again [5j, only to quote the most recent references), while K{Aig^n) ^ when either 
7 < < 14 and n > T{g) (see [22], [IZ]) or 5? > 22 without restrictions on n (see 



Nevertheless Mg^n turns out to contain many interesting (uni)rational loci defined 
in terms of existence of particular linear series. E.g., one can consider the natural 
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gonality stratification 

where M.]j n-,i the locus of cZ-gonal pointed curves, i.e. 

■^l,n;d '■= { iC,pi, . . . ,pn) G Mg^n \ C IS eudowcd with a g^} ■ 

Such loci are irreducible of dimension 2g + 2d — 5 + n when d < \{g + 2)/2] (see [1] 
and the references therein for n = 0. When n > 1 the irreducibility of Ai^ is part 
of folklore: for an easy proof of this fact see [9]). In particular, the general point of 
■^l,n;d "io^s not lie in -Ml^n^d-i- follows that the general point of A^g,„;d carries a 
base-point-free g^ and no g^_i. 

The unirationality of these loci is classically known for d < 5 (see e.g. [1] and the 
references therein: see also [M])- Thus it is quite natural to ask whether the strata 
of such a stratification are rational. 

The rationality of hyperelliptic stratum ■M.\^n;2 proved in pi], [25] and [6] 
when ra = and in [8] when 1 < n <2g + S. In the case = 0, the proof essentially 
rests on the well-known equivalence between hyperelliptic curves of genus g and 
{2g + 2)-tuples of unordered points on in up to projective equivalence. 

Some other general rationality results are known for the trigonal stratum Ai^ ^.g. 
In this case the rationality is known when either n = and g = 2 (mod 4) (see [37] ) 
or n = and g is odd (see the recent paper [30]) or 1 < n < 2g + 7 and every g (see 
[9]): in all the cases the key point is the classical representation of a trigonal curve 
as a trisecant divisor on an embedded ruled surface. 

Thus the birational description of A^7^„;4 acquires a particular interest for two 
different reasons. On the one hand, M.\^n;A codimension 1 inside A^r^n, thus 
its rationality can be viewed as a sort of "suggestion" of the possible rationality 
of A^7,n- On the other hand, it is the first necessary step for the possible proof 
of the rationality of the tetragonal stratum Ai^ ^-a the aforementioned gonality 
stratification. 

The main result of the present paper is the following theorem. 
Theorem 1.1. The tetragonal locus Ai\ ^-^ is rational for < n < 11. 

We now quickly describe the content of the paper. In the first section we prove 
Theorem 11.11 in the pointed case n > 1. The proof is based on the classical repre- 
sentation of a general curve C of genus 7 as a plane septic C with 8 nodes in general 
position. When C is tetragonal, then the eight nodes of C are the base locus of a 
pencil of cubic curves whose residual ninth intersection again lies on C. This remark 
is at the base of the construction of an easy birational model of Ai^ ^-a quotient 
of a suitable projective bundle modulo the action of an algebraic group acting on it. 
The rationality of such a quotient then follows from more or less standard classical 
results in invariant theory. 

In Section [2] we recall some introductory facts about gl on a curve of genus 7. 
In particular, we show that a curve C of genus 7 represents a general point of the 
tetragonal stratum if and only if it carries a unique g^ which is also very ample. 
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In Section [3l using such a very ample g^, we are able to describe the general 
tetragonal curve C of genus 7 as the residual intersection of a pencil of cubics 
having a common line. With the help of such an embedded geometric model and a 
lot of non-trivial representation theory, we are thus able to prove Theorem 11.11 in 
the case n = in Section |H 

1.1. Notation. We work over the complex field C. In particular, all the algebraic 
groups (GLfc, SLfc, PGL^ and so on) are always assumed to have coefficients in C. 

If gi, . . . , gh are elements of a certain group G then (^fi, . . . , g^) denotes the sub- 
group of G generated hj gi, . . . , gh- 

If is a vector space, then we denote by F(y) the corresponding projective space. 
In particular we set P£ := P(C®''+^). 

We denote isomorphisms by = and birational equivalences by ~. 

For other definitions, results and notation we always refer to [22] . 

2. The rationality of M]^.^, I <n <ll 

Let us consider X„ := (P^)""-*^ x X, where X C S^P^ is the set of unordered 
8-tuple of points X := Xi + ■ ■ ■ + Xg in P^ which are base loci of pencils of cubics 
in the plane. X„ is open and dense in (P^)""-^ x 5''^P^. The incidence variety 

P„:={ (C,Ai,...,A„_i,iVi + ... + iV8) e |Op2(7)| xX„ I 

Ni is double on C, Aj G C, the pencil of cubics through Ni, . . . ,Ns 

has its residual base point Atvi+ . +ats G C } 

is naturally endowed with a structure of projective bundle p„ : P„ — t- X„ with typical 
fiber P^^""". Moreover, there is a natural action of PGL3 on P„. 

Let us consider the general point (C, Ai, . . . , An-i, Ni + ■ ■ ■ + Ng) G P„. Let 
u: G ^ G he the normalization map. G is naturally endowed with an ordered set 
of n points Pj := z/~^(Aj), j < n — 1, Pn '■= i'~^{A^-^+...+Ns)- The curve G cannot 
be hyperelliptic, since it is endowed with a g^ (see [13], Proposition 2.2 (ii)). Thus, 
the pencil of cubics through Ni, . . . ,Ns cut out the fixed point ^TVi+.-.+Afg G G plus 
a complete gl on G, say \D\. On the one hand, thanks to [12], Theorem 3.2, the 
curve G does not carry any other gl. On the other hand G is the image of G via a 
morphism associated to 

\C-i\ = \AC-e-N, Ns-{3C-£-m Ns- A^,+...+^,) - An,+...+Ns 

= \Kc - D -pn\, 

i.e. CC\Kc-D-pr,\- = ¥l. 

In particular, we have a natural rational map 

m„: P„ --^ A^7,n,;4- 

Lemma 2.1. The map rrin is dominant and it induces a birational isomorphism 
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Proof. We first describe the fibers of m„. If 

have the same image {C,pi, . . . ,Pn), then there is a birational map ip: C C". 
The corresponding automorphism on C must fix Kc, the unique gl and the points 
Pi, . . . ,Pn- Thus ip is induced by a projectivity of \Kc — D — pn\~ = It follows 
that the fibers of m„ are exactly the orbits of the action of PGL3 on P„. 

In particular P„/ PGL3 ^ im(m„) C M.\ In order to complete the proof it 
suffices to check that dim(im(m„)) = dim(P„/ PGL3) = dim(A^7„.4). We have 

n+n = dim(A^3,„.4) > dim(im(m„)) > dim(P„)-dim(PGL3) = 25+n-8 = 17 +n, 

thus dim(im(m„)) = 17 + n = dim(A^7„.4). It follows that im(m„) is dense inside 

We now go to prove the Theorem 11.11 for 1 < n < 1 1 making use of the aforemen- 
tioned representation. We first examine the case 5 < < 11 which is the easiest 
one. To this purpose let Ei := [1,0,0], E2 := [0,1,0], E3 := [0,0,1], := [1,1,1] 
and consider the subset 

Yn := { {El, E2, E3, ^4, A, . . . , An-i, iVi + ■ ■ ■ + ATg) G X„ } . 

It is trivial to check that Yn is a (PGL3, id)-section of Xn in the sense of [2^ . 
The scheme p~^{Yn) is a projective bundle on Yn, thus it is trivially irreducible and 
rational. It follows from Proposition 1.2 of [24J that 

Mln-A^^n/PGLs^p-\Yn), 

thus A^7„.4 is also rational for 5 < n < 11. 

Now we turn our attention to the slightly more difficult case 1 < n < 4. Let 

£ := { iE,A) e\0^2^i3)\xFl \ Ae E } . 

The projection £ — )■ P^ endows £ with a natural structure of Zariski locally trivial 
projective bundle over P^ with fiber isomorphic to P^- Thus £ is rational and 
dim{£) = 10. There exists a natural dominant rational map g^: Pn — >■ £ defined by 

(C, Ai, . . . , An-l, Ni + ■ ■ ■ + Ns) ^ (i?Ari + ...+Arg, An^+.-.+Ns) 5 

where i?7Vi+---+iV8 is the unique cubic tangent to C at AjVi+ . +ATg through the points 
Ni,..., Ns- The fiber of g„ over {E, A) is birationally isomorphic to P^°"" x (P^)""^ x 
{OeI'^E ■ L — A)\ (here L is a general line in P^). In particular, the map g„ can be 
factorized into a sequence of Zariski locally trivial projective bundles. 

Trivially g„ is PGL3 equivariant and we have the following more or less classical 
result. 

Lemma 2.2. The action 0/PGL3 on £ is almost free. 

Proof. It is a well-known classical result (see e.g. [7], Theorem 4 of Section II. 7.3) 
that, up to projectivities, the equation of each general cubic curve can be put in its 
Hesse form, i.e. 

tl+tl + t'l- 3Xtit2t3 = , 
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where A G C satisfies A'^ 7^ 1. The subgroup of projectivities fixing such a polynomial 
is the extended Heisenberg group 

//O 1 0\ /I \ /I 0\\ 

H{3r := ( 1 , C , 1 ) = (Z3 X Z3) X Z2 

\\ioo/ \oocv \o ^ J / 

(see Section II.7.3 of ^Tj). Hence the set A := { A e Fl \ 3!f e H{3Y, (p ^ 
id : <f{A) = A } is the union of a finite number of points and lines in P^. Thus 
P := \ ^ is open and dense. Moreover, V has non-empty intersection with each 
irreducible curve E in the Hesse pencil. 

By construction, for each point A E V (1 E, the pair {E, A) has trivial stabilizer 
inside PGL3. □ 

We can draw the commutative diagram 

£ ^£/PGU. 

Let 

£ := { (/, x) e Sjm'iCY X I fix) = } . 

Thus £ = £/T where T := (C*)^ acts almost freely on £ via homotheties. The group 
SL3 acts naturally on £. Such an action induces on £ the natural action of PGL3. 
It follows that the map £/ SL3 --">£/ SL3 = £/ PGL3 has a section. Moreover SL3 
is special and acts almost freely on £, thus also the natural projection £ --^ £/ SL3 
has a section. Composing these two sections with the natural projection £ ^ £ we 
finally obtain a section a: £ / PGL3 ---> £^ of the bottom map of the commutative 
square above. 

Recall that the map qn is a sequence of Zariski locally trivial projective bundles, so 
from the existence of a it follows that Pn/PGL3 is a tower of Zariski locally trivial 
projective bundles over £^/PGL3 too. Since £^/PGL3 is rational by Castelnuovo's 
theorem, we conclude that the same is true also for P„/ PGL3 ^ 

Thus we have completed the proof of Theorem 11.11 for 1 < n < 11. In order to 
complete its proof, it remains to analyze the difficult case n = 0. We devote the 
remaining part of this paper to the description of this case 

3. Projective models of tetragonal curves of genus 7 

Let C be a curve of genus g. Assume the existence of two curves Ci of genera 
Qi and morphisms (pi: C ^ Ci oi respective degrees (ij, z = 1,2. If ipi and ip2 are 
not composed with the same pencil, then the following Castelnuovo-Severi formula 
holds true (see [A-C-G-H], Exercise VIII C 1): 



(1) 



g <{di- l){d2 - 1) + digi + d2g2 
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Assume that C is a curve of genus 7 carrying a base-point-free gl, say \D\. Then 
h^{C, Oci2D)) > 3. We say that \D\ is of type I if Oci2D)) = 3, of type II 

otherwise. Notice that C cannot carry any g^. Otherwise, Formula [1] would yield 
7 = < 6, since \D\ and the g^ cannot be composed with the same pencil. We have 
the following possible cases. 

(1) C is hyperelliptic. Thanks to Formula [1] the linear system \D\ is composed 
with the involution: in particular, C is endowed with infinitely many gl^s. 

(2) C is bielliptic. Again Formula [1] yields that the linear system|D| is composed 
with the involution: in particular, C is endowed with infinitely many gl's. 

(3) C is neither hyperelliptic nor bielliptic, but it carries more than one gl 

(4) C carries exactly one gl of type II. 

(5) C carries exactly one gl of type I. 

We now go to characterize the different types of curves in terms of existence of 
particular g^ on them. 

Proposition 3.1. The curve C carries either a finite numbert > 2 of gl 's or exactly 
one gl of type II if and only if C is birationally isomorphic to a plane sextic with 
three, possibly infinitely near, double points. 

Proof. If C is birationally isomorphic to a plane sextic C with at most double points 
as singularities, then C is neither hyperelliptic nor bielliptic due to [I3] , Proposition 
2.2 (ii) and (v). If C has at least two double points, then it is clear that C is 
endowed with at least two gl. Assume that C has a unique double point, say Ni. 
The arithmetic genus of a plane sextic is 10, hence Clebsch's formula for the genus 
of a plane curve yields 

5^MC)(MC)-1) = 6, 
pec 

lip[C) being the multiplicity of j9 G C I follows the existence of a second double 
point N2 infinitely near to A^^i. The linear system of conies through A^^i and N2 has 
dimension 3 cut out \Oc{2D)\ on C outside A^i and N2. Thus Oc{2D)) > 4, 

i.e. C carries a gl of type // in this case. 

Conversely, each pair of distinct gl on C induces a morphism ^9 : C — ?■ P(J- x C 
P|;. Its image C C Pj, x Pj. is a curve whose bidegree is necessarily either (2, 2) 
or (4,4). In the first case (p has degree 2, whence C would be hyperelliptic, a 
contradiction, since C carries a finite number of gl. In the second case would be 
birational, whence C would carry at least a double point. Projecting on a plane from 
such a double point we obtain a plane sextic birationally isomorphic to C . Clebsch's 
formula for the genus of a plane curve of degree 6 implies that C has either a triple 
point or it carries three, possibly infinitely near, double points. If C carries a triple 
point, then it would be endowed with a 5^3, a contradiction. We conclude that the 
singularities of C are at most double points. 

Finally assume that C is endowed with a unique gl of type //, say \D\. In this case, 
\2D\ is a gl with r > 3. Each such ^fg is necessarily special, thus Clifford's Theorem 
yields r < 4. If equality holds then C would be hyperelliptic, thus it would carry 
infinitely many ^fj, a contradiction. It follows that r = 3. In particular, if /i,/2 G 
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H^(^C,Oc{D)) is a basis, then there exists an element g G Cc'(2-D)), such 

that ff, /1/2, f2, g form a basis of (C, Oc{2D)) . Thus we have a map : C — 
given by (xq, xi, X2, X3) = (/f , /1/2, /I ^ 5')- It follows that the image C is contained 
in the quadric cone X0X2 — = 0. In particular, the arithmetic genus of C is 9 
(see [22], Exercise V.2.9), thus C has at least a double point and we can repeat the 
argument used for curves carrying at least two distinct gl- □ 

Now we characterize curves carrying exactly one gl of type /. We first state and 
prove a technical lemma which will be useful later on in the paper. 

Lemma 3.2. // C C is a curve of degree 8 and genus 7, then there exist two 
cubic surfaces Fi, F2 and a quartic surface G through C, such that C = Fi flG. 
Moreover the general cubic surface through C is smooth. 

Proof. If C lies on a smooth quadric, then its bidegree (a, h) would satisfy the con- 
ditions a + 6 = 8 and (a — — 1) = 7. If C lies on a quadric cone, then we should 
have 8 = 2a and 7 = (a — 1)^ (see p2]. Exercise V.2.9). In both the cases the two 
equations have no common integral solutions. Thus the minimal degree of a surface 
through C is at least 3. 

The cohomology of the standard exact sequence — )■ Ic — ^ C^ps Oc 
twisted by 3 shows that 

/i°(P^,Xc(3)) >2. 

Thus we can find two cubic surfaces Fi and F2 such that Fi fl -F2 = C U L. Due to 
degree reasons L is a line, thus C is aCM (see |31j. Theorem 5.3.1). It follows that 
/i°(P|^,Xc(3)) = 2, /i°(P^,X(7(4)) = 9 and the homogeneous ideal of C is minimally 
generated by two cubic Fi, F2 and a single quartic surfaces G (see [31], Proposition 
5.2.10). In particular, C = Fi n F2 n G. 

The general cubic surface F through G is smooth outside C U L due to Bertini's 
theorem. Since G and L are smooth and they are exactly the intersection of Fi and 
F2 outside CnL, it also follows that such a general cubic F is smooth outside CflL. 
At the points of C fl L, C is smooth, thus it is the intersection of two surfaces at 
those points. The two cubics Fi and F2 are tangent at the points of C H L, thus 
one can always take G and one of the cubics. In particular, at least one among the 
cubics Fi and F2 is smooth at the points of CflL. We conclude that we can assume 
that the general cubic F through G is smooth everywhere. □ 

We are now ready to characterize curves carrying a unique g\ of type /. 

Proposition 3.3. The curve G carries exactly one g\ of type I if and only if it is 
endowed with a very ample g\. 

Proof. Consider a divisor D on G and let Kc a canonical divisor on G. Then \D\ 
is a g\ (resp. a. g^) if and only if \Kc — D\ is a (^f (resp. a (74). Thus G carries a 
unique g\ if and only if it carries a unique g^. 

Now assume that G is endowed with a unique base-point-free g\ of type /, say 
\D\. We will show that \Kc — -D| is very ample. To this purpose we have first to 
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show that it is base-point-free. For each p G C, we have 

(C, OciKc-D-p))= (C, OciKc - D)) 

if and only if \D + p\ is a gf. Thus C would have a plane model of degree at 
most 5, hence its genus would be at most 6, a contradiction. Now we have to show 
that \Kc — D\ separates points and tangent vectors. For possibly coinciding points 
Pi,P2 £ C, we have 

h^C, Oc{Kc -D-p,- p2)) = {C, Oc{Kc - D)) - 1 

if and only if ID+P1+P2I isat^g. Consider the associated morphism : C — t- C C P^. 
We have three possible cases for the pair (deg(v9), deg(C)), namely (1,6), (2,3), 
(3,2). In the lat case C would be trigonal. In the second case C would be either 
bielliptic or hyperelliptic. The first case cannot occur due to Proposition 13.11 above, 
since C is endowed with a unique gl of type /. 

Conversely let us assume that C is endowed with a very ample g^. Thus C carries 
a gl, say \D\. We know that the very ample g^ is \Kc — D\. We have to show that 
such a gl is of type / and it is unique. 

Assume that \D\ is of type //. Let us identify C with its image via the map 
associated to the g^ in P^. We know from Proposition 13.31 that there is a line 
L C P^ such that C U L is the complete intersection of a smooth cubic surface F 
with another cubic surface. Let us consider the standard representation of F as the 
blow up of P^ at six general points. Let i be the strict transform on F of a general 
line of P^ and let ei, . . . ,65 be the exceptional divisors in the blow up. We can 
always assume that L = ei so that 

C e |9£-4ei -362 Scgl . 

By adjunction on S the canonical system \Kc\ on C is cut out by \6i — 3ei — 2e2 — 
■ ■ ■ — 26^1, thus \D\ is cut out on C by the pencil |3£ — 2ei — 62 — ■ ■ ■ — eg], which 
coincides with the pencil cut out on 5* by the planes through L. 

Notice that \2D\ is cut out on C by \6£ — 4ei — 2e2 — ■ ■ ■ — 2e6|. The cohomology 
of the standard exact sequence — )■ Os{—C) — )■ Os Oc — twisted by OsiQf- — 
4ei — 2e2 — ■ ■ ■ — 2e6), gives the exact sequence 

— ^ H\S, Os{-'ii + 62 + ■ ■ ■ + eg)) H\S, Os{U - 4ei - 2e2 2eg)) - 

(C, Oc{2D)) [S, Os{-3i + 62 + ■ ■ ■ + e,)) . 

Since | — 3£ + 62 — ■ ■ ■ + ee | cannot be effective, the first space is zero. Thanks to 
Serre's duality {S, C»s(-3£ + 62 + ■ ■ ■ + eg)) = /i° {S, Os{ei)) = 1. Riemann-Roch 
theorem finally yields (5, Os{—Si + 62 + ■ ■ ■ + eg)) = 0. 

Trivially \3i — 2ei — e2 — ■ ■ ■ — eg| contains a smooth integral curve A. Since 

(3£ - 2ei - e2 eg)^ = 0, it follows that Oa{A) ^ Oa- Thus the cohomology 

of ^ Cs Os{A) Oa{A) 0, yields h^{S, Osisi - 2ei - eg eg)) = 2. 

Since 

{6i - 4ei - 2e2 2e6) ■ (3£ - 2ei - ea ee) = 
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we deduce that each effective divisor in \6i — 4ei — 2e2 — • • ■ — 2eQ\ is the sum of two 
elements in \3i — 2ei — 62 + ■ ■ ■ — eg]. It follows that 

h%C, Oc{2D)) = h^S, Os{Qi - 4ei - 262 2e6)) = 3 

i.e. \D\ is of type /. 

Assume that |-D| is not unique and let \D'\ be a distinct gl on C. Since C carries 
a c/|, due to pL3j, Proposition 2.2 (ii) and (v), it follows that C is not hyperelliptic 
nor bielliptic. As in the proof of Proposition 13.11 on checks that \D + D'\ is a g^. 
Then \Kc — D — D'\ is a 5^4, say \D"\. In particular, the linear system of planes 
of cut out on C exactly the linear system \D' + D"\. It follows that the planes 
through the divisor D' G \D'\ cut out \D"\ on C. It follows that the support of 
D' must be contained in a line L'. Since deg{D') = 4 such a line is contained in 
each cubic through C, thus L' = L, whence \D"\ = \D\. Thus h^{C,Oc{2D)) = 
2 + h°{C, Oc{D')) = 4, i.e. \D\ should be of type //. But this contradicts what we 
proved above. □ 



4. The rationality of A^7,o;4 

We fix a line in L C Pj^ and we consider the set of pencils of cubic surfaces 
through L which is a Grassmannian G{2, 16). If S G G{2, 16) , then its base locus 
ocontains L. If S is general, then it contains a smooth cubic surface F and the 
residual intersection is a smooth curve C on F, whence its genus is 7. Thus C is 
endowed with a base-point-free g^. In particular we have a natural rational map 

mo: G(2,16) -M^,o;4 

whose image is the locus of tetragonal curves of genus 7 endowed with a unique gl 
of type /, thanks to Proposition 3.3. Let PGL4 be the stabilizer of L inside PGL4. 
It is clear that there is a natural action of PGL4 i on G{2, 16). The orbits of such 
an action are trivially contained in the fibers of mo. 

Lemma 4.1. The map mo is dominant and it induces a birational isomorphism 

Mlo-A-G{2,lQ)/FGU,L . 

Proof. We first describe the fibers of ttiq. Let S' and S" be two general pencils of 
cubic surfaces with base loci C U L and C" U L respectively. Since S' and S" are 
general, C and C" are smooth curve of genus 7. If mo(S') = mo(S"), then the 
base loci of S' and S" must be abstractly isomorphic. Such an isomorphism must 
induces an isomorphism yj: C" — )■ C". If \D'\ and \D"\ are the unique gl on C and 
C" respectively, then we have ip*\D"\ = \D'\. Since also ip*\Kc"\ = \Kc'\ holds, we 
finally deduce that (p*\Kc" —D"\ = \Kc' — F>'\. In particular ip sends the very ample 
gg on C" into the very ample g^ on C", thus it induces a projectivity of the whole 
P^ transforming E' in E". Such a projectivity must fix L. It follows that the fibers 
of mo are exactly the orbits of the action of PGL4^i on G{2, 16), 

In particular G{2, 16) / PGL4 x, im(mo) C J\A] 4- In order to complete the proof 
it suffices to check that dim(im(mo)) = dim(G(2, 16)/ PGL4_i) = dim(A^y o;4)- We 
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have 



17 = dim(yW^ o.4) > dim(im(mo)) > dim(G(2, 16)) - dim(PGL4,L) = 28 - 11 = 17, 

thus dim(im(mo)) = 17 = dim(A^7 Q.4). We conclude that im(mo) is dense inside 
Mio-A- ' ' □ 

Let SL^^L be the stabihzer of L in SL4. We are interested in the rationahty 
properties of the quotient G{2, 16) / SU^l = G{2, 16) / PGU^l- 

Theorem 4.2. The space X = G{2, 16)/ SL4^l is rational. 

The proof requires several preparatory results. The next lemma shows that X is 
birational to a linear group quotient and collects all the facts about this represen- 
tation which are needed in the sequel. 

Lemma 4.3. The space X — G{2, 16)/SL4^l is birational to the quotient R/G where 
R is a linear representation of the linear algebraic group G, and R, G and the action 
are defined below: 

(1) (Group structure). One has 



where Gr — GL2 x G'^, the group C SL4 being the subgroup consisting of 



hence as an abstract group a central product (C*) ■ (SL2 x SL2). Here the 
torus C* is embedded in SL4 via 



The group U is given hyU = (C^)^®C^ = Hom(C^, C^), viewed as an abelian 
algebraic group under addition of homomorphisms. As a normal subgroup in 

the semidirect product, elements u E U are acted on by {Ai, A2, A^) £ Gr, 
where Ai e GL2, and A2, A3 are as before, in the following way: 

(Ai, A2, As)-u^ A2uA^^ . 

(2) (Structure of the representation). The representation R is a represen- 
tation with a Jordan-Holder filtration 

Rq '.— c Ri c R2 c R3 — R 

with completely reducible quotients Qi — Ri/Ri-i which as representations 
of Gr are given by 



G^GrxU 



matrices 




A ^ diag(A, A, A-\ A-^) . 



Qi 
Q2 
Q3 



Sym^C^ ® C, 
(g) (g) Sym^C^ 
(g) Sym^C^ , 
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with the action ofG^i being given by the tensor product action of{Ai, A2, A^) 
in the three factors. The action ofU is induced by the standard G R-equivariant 
maps 

{C^y ® ^ Hom(C2 ® Sym^C^ ® C^, ® ® Sym^C^), 

(C^)^ ® ^ Hom(C2 ® Sym2C^ ® Sym^C^ ® C) 

given by contraction and multiplication in the second and third factors. 
(3) (Ineffectivity kernel) The ineffectivity kernel I of the action of G on R 
is as an abstract group I ^ Z/4Z, and generated by 

The group acting effectively will be denoted by G = G'/(Z/4Z). 

Proof. Note that for X = G{2, 16)/SL4i, the group is nothing but G'j^ ix f/, 

and X is birational to (we view the stabihzed hne L C as a two-plane) 

(Hom(C^ Sym=^(C^)^/Sym=^(L)^) /GU x SL4,l , 

which in turn is birational to 

(C^ ® ^ym^iC^Y /^yui^{LY)/GU x SL4,l 

(because of the self-duality of as SL2-representation, we get birational quotients 
if we choose as GL2-representation in the first factor of the tensor product or 
(C^)"^; we prefer for simplicity, but this is not essential for the following). The 
representation Sym^(C'')^/Sym^(L)^ has a filtration as a G-module with quo- 
tients Qi, Q2, Q21 Q3 as claimed in (2) above. This proves (1) and (2). 
For the determination of the ineffectivity kernel in (3), we refer to the stronger 
statement Lemma 14.71 below proven with the help of computer algebra, and which 
implies in particular part (3) of the present lemma. □ 

Remark 4.4. We have to recall the representation theory of 64 viewed as the group 
of permutations of four letters {a, b, c, d} for subsequent use. The character table 

IS (cf m)- 





1 


(ah) 


{ab){cd) 


(aba) 


(abed) 


Xo 


1 


1 


1 


1 


1 


e 


1 


-1 


1 


1 


-1 


9 


2 





2 


-1 





^ 


3 


1 


-1 





-1 


eip 


3 


-1 


-1 





1 



V^g is the trivial 1-dimensional representation, is the 1-dimensional representa- 
tion where t{g) is the sign of the permutation g; ©4 being the semidirect product 
of 63 by the Klein four group, Ve is the irreducible two-dimensional representation 
induced from the representation of 63 acting on the elements of which satisfy 
x + y + z = by permutation of coordinates. is the representation on the elements 
of with x-\-y-\-z-\-w = by permutation of coordinates; finally, V^^ = K ® V^. 
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The G/j-representation in item (2) of Lemma 14.31 is one with a nontrivial 
stabihzer in general position H . The determination of H and its normahzer N{H) 
in Gr is carried out in the next lemma. It gives us a {G, N{H) x f/)-section in R. 

Lemma 4.5. Consider the action of Gr on = R3/R2 = ® Sym^C^ ® C^. 

(1) (Structure of the stabilizer in general position). The stabilizer in 
general position H of the representation = R3/R2 inside the group Gr, 
consisting of matrices (Ai, A2, A3) as in Lemma can he described as 
follows: put 

^=(0 -^ J' ^=(-1 

Then A and B generate inside SL2 a nontrivial central extension of the Klein 
four group 'L/21? C PSL2, which is a finite Heisenberg group (or extraspecial 
2-group in different terminology) which we denote by H 

Z/2Z ~ {±1} ^ H ^ (Z/2Z)2 = (A, 5) 

(here A and B denote the classes of A and B in PSL2 respectively). 

Then the stabilizer in general position H C Gr ( well defined up to conju- 
gacy) has a representative given by the subgroup of matrices 

(Ai, A2, A3) = {Xh, ±X-^h, Xh), XeC*, heH. 

(2) (Structure of the normahzer). The normalizer N{H) of H in Gr can 
be described as follows: define matrices (r, r, r) and (a, a, a) by 

0-^ o\ I ( 

a 



9 J ' " • ^\9^ 9^ 

and 9 = exp(27ri/8). Their classes in PSL2 generate the symmetric group ©4 
normalizing the Klein four group, but inside SL2, they generate a nontrivial 
central extension 

1 Z/2Z ~ {±1} 64 ^ 64 ^ 1 . 

Then N{H) contains a subgroup abstractly isomorphic to ©4 k where: ©4 
is embedded in N{H) diagonally as the matrices 

{Ai, A2, A3) = {x, x, x), a; e 64; 

and the additional copy of H in the semidirect product &4 k H is embedded 
in the second factor as matrices 

{Ai, A2, A3) = (id, y, id), yeH. 

The complete normalizer N{H) is generated by Q^tx H and the center of Gr 
consisting of matrices 
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(3) (Structure of the {G, N{H) k U) -section). By (1) and (2) there is a 
(G, N{H) K U) -section R! in R which is a linear representation of N{H) x U 
with a Jordan-Holder filtration = R'f^ G R'l G R'2 C R'^ = R! with completely 
reducible quotients Q[ = R'jR[_i given by 

Q[ = = ® Sym^C^, Q'^ = Q2 = ® ® Sym^C^, Q'^ = Qf . 

The space of H -invariants in R3/R2 is an N{H) -section for the action of 
Y[i=i^^2- This space (i?3/-R2)^ has dimension 3. The action of the copy of 
64 in N{H) on is via the standard representation of &3. That is, in the 



notation introduced in Remark 4-4 



All assertions of Lemma H75l have been double-checked independently via computer 
algebra by the second author to avoid mistakes. The Macaulay 2 scripts can be 
found at http : //xwww . uni-math . gwdg . de/bothmer/tetragonal/ . Below we give 
a proof not relying on this. 

Proof of Lemma 4-5. Step 1. Determination of the stabilizer in general position. Re- 
call the accidental isomorphisms of Lie groups Spiug ~ SL2 and Spin4 ~ SL2 x SL2. 
Under these isomorphisms we have the correspondences of representations 

- Sym^C^ , ^ O 

Thus R3/R2 is isomorphic to ® and the group Spiug x Spin4 acts as SO3 x SO4 
in this representation. The table in [33] shows firstly that the stabilizer in general 
position inside SO3 x SO4 of this representation is isomorphic to (Z/2Z)^; and 
secondly, that it maps isomorphically to the stabilizer in general position for the 
action of (SO3 x S04)/(center) on P(C^ ® C^). Hence, to prove (1) of Lemma [4.51 it 
suffices to show that the subgroup of matrices 

(Ai, A2, A,) = {h, ±h, h), heH 

of order 16 coincides with the preimage of the stabilizer in general position inside 
SO3 X SO4 in SL2 X SL2 X SL2. Note that a stabilizer in general position is only 
well-defined up to conjugacy, and we are in particular interested in finding a good 
model for it and the associated invariant subspace. 



Every general 3x4 complex matrix can -by the action of SO3 x SO4- be brought 
to the normal form 

Ai \ 
A2 , 
A3 / 

the Aj being pairwise different. This follows from the polar decomposition for com- 
plex matrices and, afterwards, the fact that symmetric complex matrices which are 
similar are orthogonally similar. See [19j, Chapter XI, §2, Thm. 3 and Thm. 4. 
Thus the stabilizer (Z/2Z)^ in SO3 x SO4 consists of pairs of matrices 

(diag(ei, 62, 63), diag(ei, 62, 63, 1)) 
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where the ej are either +1 or —1 subject to the condition that the determinant of 
diag(ei, €2, 63) is 1. The invariant subspace of this (Z/2Z)^ has dimension 3. 

Note that the quadratic form that SL2 x SL2 fixes on ® is the determinant 
of a two by two matrix. An orthogonal system of three vectors for the associated 
bihnear form can thus be given by the matrices 

1 \ / 1 \ f I 

1 J ' ^2 = -1 J ' ^3 = 1 

The bihnear form that SL2 fixes on Sym^(C^) is given by contraction of conies 
(interpret one of them as a dual conic via the isomorphism Sym^C^ ~ Sym^(C^)'^). 
Hence an orthogonal basis can be given by 

gi = + q2 = - y'^, qs = xy . 

We thus have to find the stabilizer of 

Aimi gi + A2m2 (8) 52 + ^3777.3 (g) 



Xsixy) Ai(x2 + ?/2)_A2(x2-?/2) 

inside SL2 x SL2 x SL2 for general Ai, A2, A3. Let 



Then 



a( ^ ] A' = ( ^ 
y c d J \^ c —d 

y c d J y —0 a 

hence we see that the elements 

{A, A, A), {B, B, B) G SL2 X SL2 X SL2 

stabilize the matrix Aimi ®qi + \2Tn2 ®q2 + M''tT'3 ® 93 given above! These generate 
a Klein four group in (SL2 x SL2 x SL2)/ (—id, —id, —id), but as they only commute 
up to the central element z := (—id, —id, —id) in SL2 x SL2 x SL2 they generate 
there a nontrivial central extension 

Z/2Z = (2) -> i7 -> (Z/2Z)2 = {{A,A,A),{B,B,B)) 

which is a particular (finite) Heisenberg group in the sense of Mumford's Tata Lec- 
tures on Theta III [32j. There is one further Z/2Z in the stabilizer in general 
position: the center of the copy of SL2 acting on Sym^(C); this establishes (1) of 
the Lemma. 



Step 2. Determination of the normalizer. Note first that Gr does contain a copy 
of 64 as indicated in (2), normalizing H, and that the full automorphism group of 
the Klein four group coincides with ©4. Hence it suffices to determine the matrices 
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{Ai, A2, A^) G Gr which, via conjugation, act as the identity on the Heisenberg 
group of matrices 

{h, h, h), he H 

inside Gr modulo the subgroup of Gr generated by elements (A, ±A~^, A). But the 
conditions for a matrix M to commute with A above up to some nonzero constant 
factor A imply that M equals 

mi \ f . 

„ ] , X = +1, or A = -1 

and if one of the matrices of the preceding two shapes also commutes with B up to 
a (possibly different) nonzero factor A', we must have 

M=f 7 M or f 7 

y mi J y (j —mi 

or 

M=f 7) or f 7 

\ m2 J \ -m2 

that is- modulo the center of Gr- we must have that {Ai, A2, A3) is in H x H x H G 
SL2 X SL2 X SL2. But then the assertion of (2) follows at once, as elements in H 
commute up to a sign, but the sign change must be the same in the first and third 
factors, and an element in H anticommutes with every other element in H except 
itself. 

Step 3. Structure of {R^/R2)^ ■ The only statement of Lemma |4.5[ (3) which 
still needs some explanation is that as (34-representation {R2,/R2)^ = V^^ © Vq. 
This is most readily seen by going back to the SO3 x S04-picture introduced at 
the beginning of the proof, where it is obvious, namely ©4 acts as 63 via ordinary 
permutations on Ai, A2, A3. □ 

We compute the decomposition of the Jordan- Holder quotients as 64-representations. 
Lemma 4.6. As G ^-representations we have 

^xn © v'e ty ty ^v^^, 
© V,^ . 

Here we view these as &4-representations via the embedding ©4 C SL2 x SL2 x SL2 
described in Lemma \4.5\ 

Proof. We start by decomposing © viewed as two by two matrices 

a b 
c d 



© © Sym'C' = V^, ®Ve®V^® 2V,, 
© Sym^'C^ = Ve®V^® 



M 



under the action of ©4. Using the formulas for A and B in Lemma 14. 5[ we find 
that M can only be invariant under the Klein four group if it is antisymmetric. 
But an antisymmetric matrix M is also invariant under a and r. Thus the space 
of 64-invariants in © is one-dimensional. The three-dimensional subspace of 
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matrices spanned by mi, m2, (notation as in the proof of Lemma l4.5p is ©4- 
invariant. The trace of an element in the Klein four-group, A say, on this space is 
easily calculated to be —1, and the trace of the four-cycle r on this space (remark 
= 0"'^ = 1) is similarly found to be +1. Thus 

Now Sym^C^ has no A-invariants. Hence it is either or V^^. The trace of r on it is 
+1. So Sym^C^ = V^^. Checking characters on both sides shows the decomposition 

Note by the way that this also implies 

(C^ © C^) © {Rz/Rif = © Sym^C^ © 

as (34-representations as it should be. This checks the computation. Hence we have 
seen that 

© Sym^C^ © = V^, ®Ve®V^® 2^^ . 
The ©4-representation © Sym^C^ can be decomposed as follows. One has 
© © Sym^C^ = © (C^ + Sym^C^) = © + © Sym^^C^ 
as (34-representations. Hence 

© Sym^'C' = Ve®V^® . 

□ 

The proof of the main Theorem 14.21 now requires some further lemmas. In what 
follows we say that a variety X is stably rational of level t if X x P* is rational. 

Lemma 4.7. The action of {N{H) x U)/I, where I is the ineffectivity kernel I ~ 
Z/4Z of the action described in lemma item (3), is already generically free on 
the two step quotient RyR[ of R' . Hence, by the no-name lemma, R'/{N{H) x U) 
is generically a vector bundle of rank 8 over {RyR[)/{N{H) x U). Thus the proof 
of Theorem 4-2 reduces to the proof that 

{R',/R[)/{N{H) X U) 

is stably rational of level at most 8. 

Proof. The only point to check is the generic freeness of the action of N{H) x U 
on RyR[. This can been done by a computer algebra calculation, the commented 
Macaulay 2 scripts are at http://xwww.uni-math.gwdg.de/bothmer/tetragonal/ 

□ 

The following Lemma contains a standard trick to reduce from N{H) x [/ to 
N{H). 

Lemma 4.8. The quotient {Ry R[)/ {N{H) x U) is stably rational of level 8 if 
{RyR[)/N{H) IS stably rational of level 4. 
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Proof. Consider the representation E of N{H) k U which is a two-step extension (of 
dimension 5) 

0^ {C^y (S)C^ ^ E ^C. 
Then {RyR[){N{H) k t/) x ~ {{RyR[)®E)/{N{H) k U) - {RyR[)/N{H) x 

c. □ 

Lemma 4.9. The group Gr has a natural representation V which is 

® + + ® Sym^C^ ® 

and {Ai, A2, A3) G Gr acts via 

(Ai, A2, A3) ■ (Ml, M2, x) = {AiM^A^ \ AiM2A^\ (Ai, A2, A-,) ■ x) 

where Mi and M2 are interpreted as matrices in and x is some element in 
C^®Sym^C^(8>C^, and the action there is the same action considered already above. 
Then the quotient V/Gr is rational. Moreover the representation of N{H)/I given 
by 

= ® + ® + gf 

(obtained by taking a section inV) is generically free for N{H)/I (and the quotient 
is birationally equivalent to the former, hence also rational). Hence N{H)/I has a 
generically free representation of dimension 11 with rational quotient. 

Proof. There is a {Gr, G')-section in the representation V which is {id} x {id} x 
C2 (g) Sym^C^ ® ~ ® Sym^C^ ® where id G O is the identity 2x2 
matrix, and G' is the subgroup of Gr consisting of matrices {Ai, A2, A3) with 
Ai = A2 = A3. That is, G' is the subgroup of GL2 generated by SL2 and diag(i, i). 
It follows firstly that V/Gr is rational as P(C^®Sym^C^®C^)/SL2 is rational (recall 
that each linear representation of SL2 x C* has rational quotient, thanks to some 
well-known theorems by Bogomolov and Kastylo: e.g., see [6], [23], [25] and the other 
references cited therein); and secondly, that V is generically free for Gr/I, hence 
that V is generically free for N(H)/I, because (8> Sym^C^ ® is generically free 
for G'/ (diag(z, i)). This concludes the proof of the lemma. □ 

Hence we can can conclude as follows. 

Proof of Theorem \4.2\ It suffices, by Lemma 14.81 to establish stable rationality of 
level 4 of {R'^/ R'l) / {N{H) / 1). By Lemma [4.91 it suffices to find a generically free 
A^(if)//-subrepresentation of RyR[ with a complement in R'^/R'^ of dimension > 7, 
using the no-name Lemma. Now 

R!^/R!^ = Qf + ® ® Sym^^C^ . 

The representation C^®C^®Sym^C^ has an A^(i7) -invariant summand which is C^® 
C^, an A^(if)-invariant complement being ® Sym^C^. In fact, the representation 
V?' ®£? ® Sym^C^ is, as an 64 x if-representation a tensor product of two ©4 x H- 
representations (recall also from Lemma [4.51 item (2), that N{H) is generated by 
©4 X if and the center of Gr): the one representation is a representation of ©4 x 
H/H ~ ©4, namely C^®Sym^C^ ~ C^-l-Sym'^C^ corresponding to grouping the first 
and third factor in (8)C^ (8)Sym^C^; the other representation is (corresponding 
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to the factor in ® ® Sym^C^ in the middle), which is an ©4 k iJ-representation 
via the inclusions 

64 X i7 C N{H) C SL2 X SL2 X SL2 

followed by the projection pr2 : SL2 x SL2 x SL2 — SL2 to the second factor. Hence, 
as every subspace of ® Sym^C^ is stabilized by the center of Gr, we indeed 
have an A^(if)-invariant splitting 

® ® Sym^C^ ~ ® + ® Sym^^C^ 

Then (i?3/i?2)^ + ® is generically free for N{H)/I, and the complement 
® Sym'^C^ has dimension > 7. To check the generic freeness, which can be done 
by hand, note that in Lemma we saw that ® ~ © V^^, and the Klein 
four group H/{±1}, which is contained in the stabilizer H/I of a general point in 
Qf, consequently acts effectively in P(C^ C^). □ 
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